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APPENDIX A

STATISTICAL TESTS FOR INDEPENDENCE, TREND,
HOMOGENEITY AND RANDOMNESS (1)

INTRODUCTION

Statistical frequency analysis assumes that the sample to be
analysed is a reliable set of measurements oOf independent
random events from a homogeneous population, and the validity
of this assumption can be verified using statistical signifi-
cance tests. The Environment Canada program - NONPARA was
used to test the assumptions for the Ottawa River data des-

cribed in Section 2.0.

DESCRIPTIONS OF THE TESTS

Brief descriptions of the rationale for each test are given
here and illustrated by referring to examples of output;
fuller descriptions are given by the Natural Environment
Research Council ({(1975) and Seigel (1956). The theory of the
tests is not given but the required functions to be evaluated
and the determination of their significance are given in

Appendix B pages Bl to B7.

(1) Adapted from "Statistical Tests for Independence, Trend
and Homogeneity and Randomness" by Shin-Young Siau and R.
Condie, Hydrologic Applications Division; Water Resources
Branch, Inland Waters Directorate, Environment Canada,
Ottawa, Ontario, September, 1980.



(1)

Spearman rank order serial correlation coefficient test

for independence.

Two events can be considered independent only if the
probability of occurrence of either is unaffected by the
occurrence of the other, and this definition c¢an be
extended to a sample of size N. Practically, in a time
series, independence can be measured by the significance
of the correlation coefficient between the N-1 pairs of
the ith and (i+l1)th members of the series and if the
correlation coefficient is not significantly greater
than zero, then independence is assumed. It is noted
here that, in the strict mathematical sense, this does
not necessarily define independence. To avoid the
assumptions made in the derivation of the sampling dis-
tribution of the Pearson correlation coefficient, the

nonparametric Spearman rank order serial correlation

coefficient is used.

Referring to the first page of output for the Ottawa
River at Chats Falls, page A-7, the third column shows
the data in chronological order, and the fourth column
shows the ranking within the series of length N; = 36.
The Spearman rank order serial correlation coefficient 1is
computed between the ranks for 1915-1916, 1916-1917,
1917-1918, etc., usiﬁg the methods shown on pages B(2) to
B(3), which also gives the method detérmining its signi-

ficance.



(2)

(3)

Spearman rank order correlation coefficient test for

trend.

‘If successive measurements of members of a time series
have been made during a period of gradually changing
conditions, then there will be a more or less noticeable
trend in the magnitude of the members of the series when
arranged in chronological oxder. As an example from
hydroleogy, it would be expected that gradual land use
changes in a drainage basin would affect the magnitude of
the annual flood. Similarly, long-term climatic changes
will be reflected in the hydrology of a basin, although

it is customary to assume climatic time invariance.

A very simple test for presence of trend and its signifi-
cance can be made on the Spearman rank order correlation
coefficient. Referring again to the Ottawa River at
Chats Falls, page A-7, the members of the data series are
in chronological order and their rankings described in
column 4 and column 6 gives the sequential year number
starting with rank 1 for 1915. The Spearman rank order
correlation coefficient is then computed for the pairs of
entries in columns 4 and 6. The computation and deter-
mination of its significance is given in Appendix B, page
B{4}).

Mann-Whitney split sample test for homogeneity.

If some more or less abrupt change occurred during the
sampling period, then some difference could be expected
between the means of the sub-samples before and after the

change. Examples from hydrology could include the con-



(4)

struction of a reservoir in the basin, or a forest fire
which denuded a substantial portion of the basin. Assum-
ing a normal distribution, and that the two sub-samples
have the same variance then the difference in the sub-
sample means can be tested for significance using the
distribution of Student's t. These assumptions are not
commonly met in hydrology and so the Mann-Whitney non-
parametric test is used. Once again, using the Ottawa
River at Chats Falls as an example, page A-7, columns 8
and 9 show respectively the annual maximum flood and its
ranking, and the sample has been split into sub-samples 1
and 2. With two sub-samples of approximately the same
size, it would be expected that if there were no change
in conditions, the sums of the ranks of the two sub-
samples would not differ significantly. Here, the sums
of ranks of the sub-samples are 1192 and 1019, and the
question to be answered is whether the difference is
significant or not. The Mann-Whitney U statistic is a
function of the sub-sample sizes and their sums of ranks.
The distribution of U is known and critical values at
various 1levels of significance have been tabulated.
Hence, a decision can be made on whether the means of the
sub-samples differ significantly. Computation methods

are shown in Appendix B, page B(5).

Wald-Wolfowitz split sample test for homogeneity.

This test can determine whether two samples have signifi-
cantly different means, variances, skewness or Xkurtosis
but it is not as powerful as the Mann-Whitney test in
detecting a significant difference in means. On the
other hand, the Mann-Whitney +test cannot detect dif-



ferences between the other statistical parameters of the
two sub-samples. Referring to the first page of output
of any of the examples, column 10 ranks the entire sample
in descending order and column 1l determines the sub-
sample from which the corresponding data item came. If
the sample is well-mixed, the 1l's and 2's will be well
mixed and the number of runs will be relatively high. A
run is defined as a sequence of identical symbols pre-
ceded and followed by a different symbol or no symbol at
all. Consider the case where the mean of sub-sample 2 is
significantly greater than that of sub-sample 1, then 2's
will tend to cluster towards the top end of the scale and
1's toward the bottom, thus reducing the number of runs.
Suppose now that the variance of sub-sample 2 were sub-
stantially greater than that of sub-sample 1. The 2's
will then tend to cluster towards both ends of the scale,
again reducing the number of runs. Similarly, differ-
ences in skewness and kurtosis will cause clustering,
reducing the number of runs. The distribution of the
number of runs 1s known and lower critical values have
been tabulated. Thus, it can be determined if the sub-

samples differ significantly in any respect.

Like the Mann-Whitney test, the Wald-Wolfowitz test can
be used to decide whether hydrologic events occurring in
different seasons differ significantly. The test 1is
illustrated using the annual flood series on the Ottawa
River at Chats Falls, pages A~7 and A-8.



(5)

Runs above and below the median for general randomness.

This is a very simple non-parametric test and its opera-
tion can be explained by referring to the first page of
ocutput of any of the examples. Data are ranked in
chronological order, column 3, and the median determined.
Column 13 shows an A or B or * according to whether the
corresponding data item is above or below or equal to the
median, and Column 14 indicates the number of runs.
Theoretically, the number of runs, RUNAB, could be as
high as N, indicating an extreme short-term cyclic pat-
tern, or as low as 2, indicating an abrupt change half
way through the period over which the sample was col-
lected. Notice that the median is used since the proba-
bility of exceeding the median is always 0.5, regardless
of the probability distribution from which the sample was
drawn, thus making the test non-parametric or distribu-
tion free. The distribution of RUNAB is known and upper
and lower critical values have been tabulated, thus enab-
ling a decision to be made on whether the data are random

or not.
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